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We propose that a Floquet Weyl semimetal state can be induced in three–dimensional topological
insulators, either nonmagnetic or magnetic, by the application of off–resonant light. The virtual
photon processes play a critical role in renormalizing the Dirac mass and so resulting in a topological
semimetal with vanishing gap at Weyl points. The present mechanism via off–resonant light is quite
different from that via on–resonant light, the latter being recently suggested to give rise to a Floquet
topological state in ordinary band insulators.
PACS numbers: 73.43.Nq, 73.20.At, 03.65.Vf
Introduction–Topological states of matter, such as
two–dimensional (2D) quantum spin Hall insulators or
3D topological insulators (TIs) [1–8], have received a
great interest in recent years. Searching for such states
in solid state materials [8–10] has partly gained suc-
cess; however, candidate materials for TIs are still very
limited. Inspiringly, an intriguing method was put for-
ward to realize topologically non–trivial phases in non–
equilibrium by applying time–dependent perturbations
to trivial phases [11–16]. Typical examples are the
optically–activated anomalous Hall effect and spin Hall
effect in n–doped paramagnetic semiconductors [14], and
the so–called Floquet topological insulator (FTI) sug-
gested by Lindner, Refael, and Galitski [16], whose quasi–
energy spectrum exhibits a single pair of helical edge
states due to the on–resonant–light– induced band in-
version. In the bulk FTI spectrum there is an avoided
crossing separating the reshuffled valence band from the
conduction band.
Recently, another type of topological phase termed the
Weyl semimetal (WSM) [17] has attracted much atten-
tion. The WSM has no bulk gap but enjoys gapless nodes
distributed in momentum space, and it possesses chi-
ral surface states and Fermi arcs terminating at Weyl
points with opposite chirality. Due to its remarkable
electromagnetic properties such as the anomalous Hall
effect [18, 19] and chiral magnetic effect [20], the WSM is
regarded as a promising candidate for future applications
in spintronics. Unfortunately, despite several proposals
have been put forward in various systems [17, 19, 21],
the WSM has not been realized experimentally yet. As
a result, theoretical proposals on the WSM state that
are feasible for experimental realization are still highly
desirable.
In this Letter, we show that a non–equilibrium WSM
state can be induced in 3D topological insulators by the
application of off–resonant light, using the Floquet pic-
ture. In contrast to the on–resonant optical induction in
Ref. [16], we focus on the off–resonant effect of light on
band structures, and the underlying physics is outlined as
follows. Considers a two–band system with bulk energy
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FIG. 1: (color online) (a)Schematic diagram for virtual pho-
ton processes. (b)Renormalized energy gap as a function of
light field intensity. Here A1 and A2 are the thresholds (in
unit of A˚
−1
), at which a pair of Weyl points are generated
and annihilated, respectively.
gap Eg under the application of off–resonant light. For
light with off–resonant frequency ω, the real process of
photon absorption/emission cannot occur because of lim-
itation of energy conservation condition. However, the
off–resonant light can affect the electron system via vir-
tual photon processes, e.g., two second–order processes
shown in Fig. 1(a), where electrons absorb and then
emit a photon and electrons first emit and absorb a pho-
ton. Such virtual photon processes have at least two
effects. First, they can break the time reversal symmetry
(TRS) if the driven field is nonlinearly polarized, which
is one of essential conditions to realize WSM. Second,
they can generate a self–energy Σ that renormalizes the
Dirac mass and so bulk energy gap Eg(A) of the elec-
tron system. It will be shown that Eg(A) first decreases
with light field amplitude A and vanishes at threshold
A1, as shown in Fig. 1(b). Once the light field ampli-
tude is increased to another threshold A2, the bulk gap
reopens and Eg(A) increases with further increasing A.
For A1 < A < A2, the bulk energy spectrum is gapless
at Weyl points, and the system will be shown to be a
Floquet WSM.
Floquet theory on topological insulator–We start from
2a modified Dirac Hamiltonian [22], which was used to
describe magnetic 3D TI,
H(k) =
3∑
i=1
akiΓi +MΓ4 +mΓ
′. (1)
The first two terms describe the nonmagnetic 3D TI,
where Γi (i = 1, ..., 4) are the Dirac matrices that satisfy
Clifford algebra in Euclidean space: {Γi,Γj} = δij . The
Dirac mass is given by M = M0 + bk
2. It is well known
that M0b < 0 guarantees a topologically nontrivial phase
while M0b > 0 suggests a normal insulator (NI). Once
Γ1, ...,Γ4 are specified, the other Dirac matrices can be
constructed as Γ0 = 14×4, Γ5 =
∏4
i=0 Γi, and Γij =
− i2 [Γi,Γj ]. The last term represents a time-reversal-
breaking exchange field with Γ′ satisfying [Γ′,Γ4] = 0. A
competition between mΓ′ and MΓ4 will enable the sur-
face Dirac fermions to acquire mass, leading to a quan-
tum anomalous Hall (QAH) effect. Since the choice of Γ′
is flexible, we choose Γ′ = Γ12 for the purpose of clarity.
An in–plane polarized electric field can be expressed
by its vector potential A = (Ax sinωt,Ay sin(ωt+ φ), 0)
with ω as the frequency of the electric field and φ de-
scribing the polarization direction. For a spatially uni-
form electromagnetic field, the effect on the spin degree of
freedom may be negligible while the effect on the orbital
degree of freedom can be included through the substitu-
tion: H(k)→ H(k+A(t)), yielding
H(k, t) = H(k) +V(t) · Γ. (2)
Here the second term is the time–dependent perturbation
induced by the driven field with Γ = (Γ1, Γ2,Γ3,Γ4)
and V(t) = (aAx sinωt, aAy sin(ωt+φ), 0, bA
2
x sin
2 ωt+
bA2y sin
2(ωt+ φ) + 2bkxAx sinωt+ 2bkyAy sin(ωt+ φ)).
Due to the discrete time–translational invariance of
H(k, t), the eigenvectors can be written as |ψα(t)〉 =
e−iǫαt|φα(t)〉, where |φα(t)〉 = |φα(t+ T )〉 is the Floquet
state with T = 2π/ω and ǫα is the quasi–energy restricted
in the range of −ω/2 < ǫα < ω/2. In the framework
of the Floquet theory, the time–dependent Hamiltonian
Eq. (2) can be mapped onto a time–independent Floquet
operator F = Ω ⊗ H4×4 in the Sambe space [23], with
Ω as an infinite–dimensional matrix in the Floquet band
space and H4×4 in the basis of H(k) of the undriven sys-
tem. The matrix element of the Floquet operator is given
by
Fm,n(k) = H(k) + Γ ·Vm,n − nωδnm, (3)
where Vm,n =
1
T
∫ T/2
−T/2 dtV(t)e
−i(n−m)ωt, and m and n
denote the indices of Floquet bands. In principle, an ex-
act diagonalization of the Floquet operator can give all
the quasi–energy spectra. In order to obtain analytic re-
sults, we perform a perturbation theory, which holds for
a2AxAy/Mω ≪ 1 [24], to obtain the effective Floquet
operator [11]: Feff = F0,0 + [F−1,0, F1,0]/ω. Both terms
F0,0 and [F−1,0, F1,0]/ω arise from the second–order vir-
tual photon processes shown in Fig. 1(a), where a photon
is first absorbed (released) and then released (absorbed).
As will be demonstrated below, [F−1,0, F1,0]/ω breaks the
TRS for a nonlinearly–polarized electric field, while F0,0
differs from the undriven Hamiltonian H(k) by a modifi-
cation Σ that renormalizes the Dirac mass and generates
Weyl points.
Using the perturbation theory, we obtain the effective
Floquet operator around the Γ point in momentum space
as
Feff (k) =
3∑
i=1
akiΓi + M˜Γ4 + m˜Γ
′, (4)
for the driven system, where m˜ = m+ a2(AxAy/ω) sinφ
and M˜ = M˜0 + bk
2 with M˜0 = M0 + b(A
2
x + A
2
y)/2.
Comparing Eq. (4) with Eq. (1) for the undriven system,
one finds two important differences between them. First,
the renormalized exchange field is enhanced due to term
[F−1,0, F1,0]/ω. For a nonlinearly–polarized field (φ 6= 0),
the TRS is broken even though there is no exchange field
(m = 0). Second, the Dirac mass is dressed due to term
F0,0. Since the TI is chosen to be the initial state with
M0 > 0 and b < 0, M˜0 is effectively reduced. Since
m˜ > m and M˜ < M , it is expected that the competition
between m˜Γ′ and M˜Γ4 is favorable to emergence of the
QAH phase and even WSM phase. If the field intensity
is large enough to make M˜0 change its sign from positive
to negative so that M˜0b > 0, the system can be driven
to be a topologically trivial insulator phase.
To be more explicit, we now represent the Dirac matri-
ces as (Γ1,Γ2,Γ3,Γ4) = (τ
xsx, τxsy, τxsz,−τzs0), where
s (τ) is the Pauli matrix in spin (orbital) space. In this
representation, Eq. (4) reads
Feff (k) = aτ
x(sxkx+s
yky+s
zkz)−M˜τ
zs0+m˜τ0sz. (5)
In the absence of the last term, Eq. (5) is an isotropic
version of the model in Ref. [8], which describes the 3D
TI Bi2Se3. To see the possibility of the topological phase
transition, we first make a rotation in orbital space: τx →
τz and τz → −τx, and then a canonical transformation:
τ± → szτ± and s± → s±τz . After Feff (k) in Eq. (5) is
diagonalized in orbital space, we have
F±(k) = a(s
xkx + s
yky) + s
z∆±(k), (6)
with ∆±(k) = m˜±
√
M˜2 + a2k2z . For a fixed kz, Eq. (6)
is a 2D Dirac Hamiltonian. It is well known that a sign
change of the 2D Dirac mass signals a topological phase
transition, characterized by a change of the first Chern
number, which provides a method to distinguish different
phases. From ∆−(0, 0, kz) = 0, we have solution kz =
±kzc with akzc =
√
m˜2 − M˜2. For m˜2 > M˜2, there
are two real roots ±kzc for kz, and (0, 0,±kzc) are just
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FIG. 2: (color online) (a) Calculated Floquet bands for a
3D TI subjected to a circularly polarized light with Ax =
Ay = 0.105A˚
−1
, and (b) the corresponding topological phase
diagram. The parameters are chosen as M0 = 0.28eV , a =
2.8eV A˚, b = −25.7eV A˚
2
, and ω = 3eV .
-0.04
0.00
0.04
-0.1
0.0
0.1
-0.04
0.00
0.04
(b)
Fl
oq
ue
t b
an
ds
k z
k
x
(a)
0.00 0.06 0.12 0.18
0.00
0.06
0.12
0.18
NI
WSM
Ax
Ay
QAH
FIG. 3: (color online) (a) Calculated Floquet bands for a
3D magnetic TI subjected to a linearly polarized light with
Ax = Ay = 0.1A˚
−1
, and (b) the corresponding topological
phase diagram. The exchange energy is chosen as m = 0.15
eV and the other parameters are the same as in Fig. 2(a).
the two Weyl points in momentum space of the WSM.
Further more, an expansion of Floquet operator F− in
Eq. (6) near the two gapless nodes ±kzc yields
F−(k) = aτ
xqx − aτ
yqy ∓ a
√
m˜2 −M20 τ
zqz, (7)
which is the same as the Hamiltonian defining the Weyl
fermions with chirality C = ±1. Here bk2 in the Dirac
mass is temporarily neglected for clarity. On the other
hand, for m˜2 < M˜2, there exists no real root of kzc for
∆−(0, 0, kz) = 0 and so the quasi-energy spectrum is
gapped throughout the momentum space. In this case, ei-
ther QAH or NI phase is possible, depending on whether
M˜0b < 0 or M˜0b > 0. As a result, there is a topological
phase transition at m˜2 = M˜2 from the WSM phase to
either QAH or NI phase.
From Eq. (5) we have numerically calculated the bulk
quasi–energy dispersion in a single Floquet band for dif-
ferent polarizations. We first consider the case of m = 0
and φ = π/2 (circularly polarized light). It is found
that with increasing the off–resonant light intensity, the
energy gap Eg of the undriven TI becomes smaller and
smaller, and vanishes at kzc = 0. With further increas-
ing A, a pair of Weyl points at ±kzc are separated from
each other, as shown in Fig. 2(a). A continued increase
of A can make two Weyl points merge into a single Dirac
point at kzc = 0, and then the gap reopens, resulting in
a topologically trivial insulator. Figure 2(b) is the cal-
culated phase diagram, where the WSM phase is in be-
tween the QAH and NI phases. Second, we consider the
linearly-polarized case of φ = 0 with m 6= 0 taken. Sim-
ilar topological phase transitions are obtained, as shown
in Fig. 3. If φ = 0 and m = 0, the system still has the
TRS. In this case, there is no WSM phase in the phase
diagram, and the TI phase is transited to the NI phase
under the application of off–resonant light.
Lattice model–In what follows we study a more realistic
diamond lattice model to support the above results. Its
tight–binding Hamiltonian is given by
H = t
∑
〈ij〉
c†i cj + i(8λSO/a
2)
∑
〈〈ij〉〉
c†is · (d
1
ij × d
2
ij)cj . (8)
This model was introduced to describe 3D TI [5]. Here
we take t1 = t + δt and t2 = t3 = t4 = t with the
distortion δt along the (111) direction. For δt > 0, the
system lies in the strong topological insulator (STI) phase
with Z2 index as ν0 = 1, and δt < 0 corresponds a weak
topological insulator (WTI) phase with ν0 = 0.
First, we do not consider Zeeman splitting and only
focus on the linearly polarized electric field A =
(Ax sinωt,Ay sinωt, 0). Using the procedure same as
above, we obtain the Floquet operator in Sambe space
as
Fm,n(k) = Γ ·Dq(k)− nωδmn, (9)
where m and n denote different Floquet bands and
q = m − n. The Dirac matrices in this case are rep-
resented as Γ = (τzsx, τzsy, τzsz, τxs0, τys0), where τ
and s are the Pauli matrices associated with A-B sublat-
tice and true spin subspace, respectively; and Dq(k) =
(d1q(k), d2q(k), d3q(k), d4q(k), d5q(k)), where diq(k) are
expressed via the qth order Bessel functions, which can be
obtained by first Fourier transforming Eq. (8) and then
mapping it onto the Floquet operator in Sambe space.
In the off–resonant region of ω > 8t, we set m = n = 0
in Eq. (9) to obtain F0,0, which is the most relevant con-
tribution from all the virtual photon processes.
In Eq. (9) for q = 0, both the TRS and the inversion
symmetry, which can be represented as Θˆ = isyK and
Pˆ = τxs0, respectively [7], remain unchanged. There-
fore, the Z2 index of the driven Hamiltonian can be
conveniently calculated, which is modulated by the off–
resonant light. Figure 4(a) shows the phase diagram, in
which there is a topological phase transition between the
STI and WTI phases.
Next, we take the Zeeman splitting into account with
term mτ0sz included in Eq. (9). The eigenvalues are ob-
tained as E2± = d
2
1 + d
2
2 + (
√
d23 + d
2
4 + d
2
5 ± m)
2. Note
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FIG. 4: (color online) Calculated topological phase diagrams
of the diamond lattice model driven by a linearly polarized
light (φ = 0) with m = 0 (a) and m = 0.2eV (b). The
parameters are taken as t2,3,4 = 1, t1 = 1.4, and λSO = 0.05.
that there are gapless nodes only for E−, which requires
d1 = d2 = 0 and m =
√
d23 + d
2
4 + d
2
5. There are three
equations that determine three variables kx, ky, and kz.
The solutions for them are exactly the Weyl nodes in
momentum space. To make this argument more con-
vincing, we expand the Floquet operator around point
Xz = (0, 0, 2π) and then make the canonical transforma-
tion s± → τzs± and τ± → τ±sz to obtain the effective
Hamiltonian as
Heff = λSO(s
xqx − s
yqy) + s
z∆±(q;A). (10)
Here the effect of the light field A has been absorbed into
the Dirac mass: ∆±(q;A) = m± [M2z +habqaqb]
1/2 with
Mz =
∑4
i=1 sgn(ei · zˆ), where ei is the nearest bond vec-
tor of the diamond lattice and hab is a tensor describing
the anisotropy that is determined by field parameters Ax
and Ay. Equation (10) is of the same form as Eq. (6), so
that a similar analysis can be made here. The numerical
results searching for different phases are shown in Fig.
4(b), in which the WSM phase is in between the QAH
and magnetic WTI phases.
Experimental realization and conclusion–First, in or-
der to take advantage of the off–resonant process, the
frequency of the electric field should be of the order of
103 THz. Therefore, an ultraviolet light is qualified. Sec-
ond, the field intensity has to cross the topological phase
transition line as shown in Fig. 3, i.e., A0 > 0.1A˚
−1
.
In terms of the electric field amplitude E0, it should be
of the order of 0.1V A˚
−1
. It needs to be stressed that
the amplitude threshold will be greatly reduced for a TI
material with a smaller M0 and a larger |b|. For exam-
ple, E0 is reduced to 10
−4V A˚
−1
for M0 ∼ 0.01eV and
b ∼ −100eV A˚
2
.
In conclusion, we have shown that the Floquet WSM
phase can be induced in 3D TIs by the use of the off–
resonant light. The virtual photon absorption/emission
processes play a key role in renormalizing the Dirac mass,
in closing the bulk gap, as well as in breaking the TRS,
resulting in a nontrivial WSM phase. From both the con-
tinuous and lattice models of the Floquet theory, very
similar phase diagrams have been obtained. With in-
creasing the light intensity, the QAH phase first tran-
sits to the WSM phase and then to the NI or magnetic
WTI phase. According to recent experiments such as
the observation of the QAH effect in magnetic TIs [25]
and the realization of Floquet topological insulators in a
photonic system [26], the present proposal of the Floquet
WSM state can be realized in experiments. In addition,
we wish to point out that the generalized Dirac Hamilto-
nian, Eq. (1), can describe not only the 3D TIs, but also
the other systems such as the polyacetylene, p–wave pair-
ing superconductor, and 3He-A and 3He-B phases [22].
Therefore, it is expected that the light field may also
induce topological phase transitions in those systems.
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